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Abstract

A covariance-on-covariance regression model is introduced in this manuscript. It is assumed that 

there exists (at least) a pair of linear projections on outcome covariance matrices and predictor 

covariance matrices such that a log-linear model links the variances in the projection spaces, as 

well as additional covariates of interest. An ordinary least square type of estimator is proposed 

to simultaneously identify the projections and estimate model coefficients. Under regularity 

conditions, the proposed estimator is asymptotically consistent. The superior performance of the 

proposed approach over existing methods is demonstrated via simulation studies. Applying to 

data collected in the Human Connectome Project Aging study, the proposed approach identifies 

3 pairs of brain networks, where functional connectivity within the resting-state network predicts 

functional connectivity within the corresponding task-state network. The 3 networks correspond 

to a global signal network, a task-related network, and a task-unrelated network. The findings are 

consistent with existing knowledge about brain function.
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1 INTRODUCTION

In this manuscript, a covariance-on-covariance regression (CoCReg) problem is studied. 

This is motivated by functional magnetic resonance imaging (fMRI) experiments. Two types 

of fMRI experiments are widely studied, resting-state (rs-fMRI) and task-based (tb-fMRI). 

In an rs-fMRI experiment, participants lie in the scanner at rest with eyes open. The study 

interest is to characterize the coactivation pattern between brain regions, the so-called brain 

functional connectivity (FC), captured by the correlation between fMRI time courses. In a 

tb-fMRI experiment, participants are instructed to complete a certain task during the scan. 

Such type of fMRI experiments attempts to identify activated brain regions in response to 

task stimuli and depict task-state functional networks. Building upon the assumption that 
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individual variation in brain responses to a task is intrinsic in the brain and predictable, 

existing research demonstrates that one can use task-free measurements to predict task-

related activations (Tavor et al., 2016; Ngo et al., 2022). In tb-fMRI experiments, it is 

essential to study FC modulated by task demands. When performing cognitive tasks, small 

alterations from the intrinsic network organization occur and strongly contribute to task 

performance (Cole et al., 2021), where the intrinsic network organization can be captured 

by the FC map using rs-fMRI. Considering the fact that cognitive task activations emerge 

through network interactions, predicting task-state FC from resting-state is feasible and 

promising. In the motivating Lifespan Human Connectome Project (HCP) Aging study, 

both rs-fMRI and tb-fMRI are collected from the same individual. One tb-fMRI is the 

FACENAME task aiming to locate encoding-related and retrieval-related neural processes. 

With the availability of rs-fMRI scans, it is of interest to study how informative the intrinsic 

network organization is to the task-related and extrinsic network organization, especially 

among brain regions related to working memory and visual processing. Putting it into a 

statistical framework, it is a regression problem with a covariance matrix (tb-connectivity) as 

the outcome and a covariance matrix (rs-connectivity) as one of the predictors.

Popular approaches of using the rs-connectivity features to predict tb-connectivity include 

the general linear model and statistical/machine learning techniques enriching the collection 

of literature on “connectome fingerprinting” (Tavor et al., 2016). After choosing a brain 

parcellation, rs-connectivity and tb-connectivity are calculated for each pair of brain regions. 

One straightforward approach is to fit models to each pair of tb-connectivity and loop 

over all possible pairs, where in each model, all pairs of rs-connectivity can be entered 

as predictors. This approach, however, ignores the structure of the connectivity matrices 

(both tb-connectivity and rs-connectivity), represented by the covariance matrix of the 

standardized fMRI time series, such as the positive definiteness and topological architecture, 

and suffers from a deficient power due to multiplicity. Here, the topological architecture of 

a covariance matrix infers the relationship between brain regions through the structure of 

its eigenvalues and eigenvectors. Considering covariance matrices as the outcome, a type of 

regression model, called covariance regression, was introduced. Examples include modeling 

the covariance matrix as a quadratic function of the covariates (Hoff and Niu, 2012; Seiler 

and Holmes, 2017) or a linear combination of similarity matrices of the covariates (Zou 

et al., 2017), nonparametric covariance regression utilizing low-rank approximation (Fox 

and Dunson, 2015), a Bayesian hierarchical modeling of covariance matrices accounting 

for individual heterogeneity (Acharyya et al., 2023), common diagonalization based on 

eigendecomposition (Flury, 1984; Franks and Hoff, 2019; Boik, 2002; Hoff, 2009) and 

Cholesky decomposition (Pourahmadi et al., 2007), and a recent approach of covariate 

assisted principal regression for covariance matrix outcomes (Zhao et al., 2021b). In 

Zhao et al. (2021b), it is assumed that there exists a common diagonalization on the 

covariance matrices and the corresponding diagonal elements satisfy a log-linear model 

on the covariates. The advantage is to preserve the positive definiteness of the covariance 

matrices and offer high flexibility in parsimonious modeling. In this study, building upon 

this idea of common diagonalization, an approach to perform CoCReg is introduced. 

Common linear projections are assumed for outcome covariance matrices and predictor 

covariance matrices and a log-linear model is assumed for the projected data and scalar 
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covariates. The objective is to identify the projections and simultaneously estimate model 

coefficients. With proper thresholding or sparsifying on the loading profiles, the model 

offers a network-level interpretation, that is the resting-state FC within the network can 

predict the connectivity between regions within the corresponding task-based network. 

For tb-fMRI signals, normality cannot be assumed. An ordinary least squares (OLS) type 

of estimator is proposed to relax distributional assumption and asymptotic consistency is 

achieved.

Another group of related work is the image-on-image regression. Here, an image means 

a vector of scalar outcomes with spatial information. Compared with image-on-scalar and 

scalar-on-image regression, image-on-image has been less explored but received growing 

attention along the need in modern neuroscientific research. Guo et al. (2022) developed 

a spatial Bayesian latent factor model to predict individual task-evoked images using 

the corresponding task-independent images. Data dimension was significantly reduced by 

choosing a small number of latent factors, and simultaneously taking spatial dependence into 

consideration. Some earlier attempts include Sweeney et al. (2013), which considered voxel-

wise regression for imaging prediction, but ignored the spatial correlations. Hazra et al. 

(2019) proposed to perform voxel-wise models but to include effects from the neighboring 

voxels. The proposed framework can be viewed as an image network-on-image network 

regression, which is sharply distinguished from all the existing works. Another group of 

related approaches is the graphical regression. Examples include Ni et al. (2019, 2022) 

and Zhang and Li (2023). In these approaches, regressions were considered for both mean 

and precision matrix of graphical models. Our proposed approach is distinct from the 

following aspects. First, our study focuses on the covariance matrix rather than the precision 

matrix. Though considering eigendecompsition, with the logarithmic link, modeling the 2 is 

equivalent. However, the interpretation differs. Second, the proposal considers the scenario 

that a covariance matrix is acquired from each unit rather than to estimate one from units. 

Third, the current study considers the case that the predictors are a mixture of a covariance 

matrix and scalars.

The rest of the manuscript is organized as the following. Section 2 introduces the proposed 

CoCReg model. A least-square type of estimator is introduced to simultaneously estimate 

linear projections and model coefficients. Asymptotic consistency is discussed under 

regularity conditions. The performance is evaluated via simulation studies in Supplementary 

Materials Section B and the task/resting-state fMRI data collected in the HCP Aging Study 

in Section 3. Section 4 summarizes the manuscript with discussions.

2 MODEL AND METHOD

Assume data are collected from n subjects. Let xis ∈ ℝp denote the p-dimensional predictor 

of the sth observation from subject i, where s = 1, …, ui and ui is the number of observations. 

Let yit ∈ ℝq denote the q-dimensional outcome of the tth observation from subject i, where 

t = 1, …, vi and vi is the number of observations. Denote Δi ∈ ℝp × p as the covariance matrix 

of xis s = 1, …, ui  and Σi ∈ ℝq × q as the covariance matrix of yit t = 1, …, vi , for i = 1, …, n. 

The objective is to generalize the concept of regression to study the association between the 
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2 sets of covariance matrices. In the data application, xis’s are the rs-fMRI signals and yit’s 

are the tb-fMRI signals. Assuming the signals are centralized to mean zero and standardized 

to unit variance, the covariance matrices represent the resting-state FC (Δi’s) and brain 

connectivity in task (Σi’s), respectively. The study interest is to investigate if the resting-state 

FC can predict brain connectivity under an on-going in-scanner task. Let wi ∈ ℝr denote 

the r-dimensional other covariates of interest (with the first element of one for the intercept 

term). It is assumed that there exists a linear projection on the xis’s, denoted as θ ∈ ℝp, and 

a linear projection on the yit’s, denoted as γ ∈ ℝq, such that the following regression model 

holds:

log γ⊤Σiγ = α log θ⊤Δiθ + wi
⊤β,

(1)

where α ∈ ℝ and β ∈ ℝr are model coefficients. Denote ζit = γ⊤yit . γ projects yit into ℝ and 

Var ζit = γ⊤Σiγ. Analogously, denote κis = θ⊤xis and Var κis = θ⊤Δiθ. Model (1) is thus a 

type of generalized regression model with a logarithmic link on variance components in 

the projected spaces and to study the association between the 2 variances. α in the model 

quantifies the association between the 2 variances on the logarithmic scale. β measures the 

association between the outcome data variation in the projection space and the covariates of 

interest on the original scale. Expanding the quadratic term, γ⊤Σiγ = ∑j γj
2σijj + j ≠ kγjγkσijk, 

it represents a linear combination of the correlations if assuming each dimension is scaled 

to standard deviation one σijj = 1 . In the fMRI application, γ defines a brain network where 

each element in γ denotes the weight of the corresponding brain region. γ⊤Σiγ can be then 

considered as a summary of brain FC within the network. θ⊤Δiθ can be interpreted in the 

same manner. Via Model (1), α reveals the association of the connectivity of a task-related 

network with the connectivity of a resting-state network and β uncovers the association with 

the covariates.

When wi contains the intercept term only r = 1 , the model can be written as

log γ⊤Σiγ = β0 + α log θ⊤Δiθ .

(2)

This can be viewed as a generalization of the canonical correlation analysis (CCA), but 

to characterize the association between the second-order moments, that is the covariance 

matrices of y and x. When θ is a prespecified projection vector, for example, a subgroup of 

brain regions with equal weight, plugging in an estimate of Δi (denoted as Δ̂i) and treating 

log θ⊤Δ̂iθ  as a covariate, Model (1) reduces to the covariate assisted principal regression 

model proposed in Zhao et al. (2021b). However, since distributional assumptions on yit are 

not imposed, instead of a likelihood-based estimator introduced by Zhao et al. (2021b), a 

distribution-free estimator is introduced in the next section. When γ is prespecified, Model 
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(1) should be distinguished from the principal component regression as the study interest 

is on the association to the variation of the components, that is, Var θ⊤xis , rather than the 

principal components themselves.

2.1 Estimation

In this section, an OLS type of estimator is introduced to relax the distributional assumptions 

on the data. For resting-state fMRI data, one can assume that the signal xis  follows a 

normal distribution with covariance matrix Δi. While for task-based fMRI data yit , this 

normality assumption does not hold as the signals are a convolution of the task onsite and 

the hemodynamic response function (HRF), where a widely accepted theoretical distribution 

for the HRF is a gamma distribution (Lindquist, 2008). Thus, the solution to the following 

optimization problem is introduced as the estimator without imposing any distributional 

assumption:

minimize
γ, θ, α, β

ℓ = 1
n ∑

i = 1

n
log γ⊤Σiγ − α log θ⊤Δiθ − wi

⊤β 2,

such that γ⊤Hyγ = 1, θ⊤Hxθ = 1 .

(3)

Σ̂i and Δ̂i are estimators of Σi and Δi, respectively. A natural choice is the sample covariance 

matrices, Σ̂i = Si
y = vi

−1

t = 1
vi yit − yi yit − yi

⊤ and Δ̂i = Si
x = ui

−1

s = 1
ui xis − xi xis − xi

⊤ (where 

yi = vi
−1

t = 1
vi yit and xi = ui

−1
s = 1
ui xis), when the data dimensions are not too large and 

both Si
y and Si

x are positive definite. It is also discussed in Section 2.3 that to yield 

consistent estimates, it is required that the data dimensions are fixed and less than 

the number of corresponding data observations from each individual (Assumption A1). 

In the optimization problem (3), constraints are imposed on γ and θ as the solutions 

are 0 vectors otherwise, where Hy ∈ ℝq × q and Hx ∈ ℝp × p are both positive definite. 

Examples of such matrices include the identity matrix and the overall sample covariance 

matrices, Hy = Sy = i = 1
n viSi

y/ i = 1
n vi and Hx = Sx = i = 1

n uiSi
x/ i = 1

n ui. For a likelihood-

based estimator, Hy = Sy and Hx = Sx are considered to incorporate sample information and 

avoid undesired component estimate (see Zhao et al., 2021b, for a discussion). For the 

proposed OLS estimator (or moment estimator), identity matrices, that is, Hy = Iq and Hx = Ip, 

are considered, which relaxes the distributional constraints, analogous to the Principal 

Component Analysis (PCA) and CCA. In Section B.3 of the Supplementary Materials, we 

use a simulation study to demonstrate that compared to Sy and Sx, the identity matrices are 

better choices for the proposed approach.

Algorithm 1 summarizes the estimation procedure of optimizing (3). One can show that the 

objective function in (3) is biconvex over γ, θ, α, β . Thus, a coordinate-descent algorithm 

is considered. For model coefficients α and β, given the rest parameters, the updates are 

provided in the following:
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α = 1
n ∑

i = 1

n
log2 θ⊤Δiθ

−1

1
n ∑

i = 1

n
log γ⊤Σiγ − wi

⊤β log θ⊤Δiθ ,

(4)

β = 1
n ∑

i = 1

n
wiwi

⊤
−1

1
n ∑

i = 1

n
log γ⊤Σiγ − α log θ⊤Δiθ wi .

(5)

For γ and θ, with quadratic constraints, the method of Lagrange multiplier is employed. 

Using γ as an example, let Ui = α log θ⊤Δ̂iθ + wi
⊤β, the Lagrangian form is

ℒ γ = 1
n ∑

i = 1

n
log γ⊤Σiγ − Ui

2 − λ1 γ⊤Hyγ − 1 ,

(6)

where λ1 is the Lagrange multiplier. Details of optimizing (6), as well as optimizing for θ, 

are provided in Supplementary Materials Section A.1.

Algorithm 1
An algorithm of solving (3).

Input: yi1, …, yivi , xi1, …, xiui , wi

 1: For i = 1, …, n, estimate Σi and Δi, de noted as Σi and Δi respectively.

 2: Initialization: γ(0), θ(0), α(0), β(0)

 3: repeat for iteration ℎ = 0, 1, 2, …,

 4:  update α as α(ℎ + 1) using (4) with γ(ℎ), θ(ℎ), β(ℎ)
;

 5:   update β as β(ℎ + 1)
 using (5) with γ(ℎ), θ(ℎ), α(ℎ + 1) ;

 6:  update θ as θ(ℎ + 1)
 following the approach described in Supplementary Materials Section A.1 with 

γ(ℎ), α(ℎ + 1), β(ℎ + 1)
;

 7:  update γ as γ(ℎ + 1) following the approach described in Supplementary Materials Section A.1 with 

θ(ℎ + 1), α(ℎ + 1), β(ℎ + 1)
;

 8: until the objective function in (3) converges.

 9: Consider a random series of initializations, repeat Steps 2–8, and choose the solution with the minimum objective 
value.

Output:(γ, θ, α, β)
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2.2 Inference

In this section, we focus on introducing a bootstrap procedure to perform inference on 

α and β, the model coefficients. Bootstrap inference on γ and θ is beyond the scope of 

the current study as it may require a procedure of matching on the projections across 

bootstrap samples. In addition, the performance of this matching procedure highly depends 

the chosen similarity metric. Thus, a more rigorous and thorough theoretical and numerical 

investigation is left for future research. The following is a procedure to conduct bootstrap 

inference on α and β.

Step 0. Obtain an estimate of γ, θ , denoted as γ̂, θ̂ , using the full dataset.

Step 1. Generate a bootstrap sample, yit t
*, xis s

*, wi
* , of size n by sampling with 

replacement.

Step 2. Estimate α, β  using Algorithm 1 with γ̂, θ̂  known.

Step 3. Repeat Steps 1–2 for B times.

Step 4. Construct bootstrap confidence intervals for α, β  under a prespecified 

significance level.

In Step 1, the resampling procedure is conducted at the subject level. All observations within 

a subject will be used for estimation if being sampled. For datasets with a hierarchically 

nested structure, resampling on the highest level has been demonstrated to better preserve 

the original sample information and yield better performance (Ren et al., 2010).

2.3 Asymptotic properties

This section discusses the asymptotic properties of the proposed estimator under regularity 

conditions. For i = 1, …, n, it is assumed that Σi has the eigendecomposition of Σi = ΠiΛiΠi
⊤

and Δi has the eigendecomposition of Δi = ΥiΩiΥi
⊤, where Πi = πi1, …, πiq ∈ ℝq × q and 

Υi = vi1, …, vip ∈ ℝp × p are orthonormal eigenmatrices, Λi = diag λi1, …, λiq ∈ ℝq × q and 

Ωi = diag ωi1, …, ωip ∈ ℝp × p are diagonal matrices of corresponding eigenvalues. Let 

ζit = Πi
⊤yit = ζitk k ∈ ℝq and κis = Υi

⊤xis = κisj j ∈ ℝp. Then, Cov ζit = Λi and Cov κis = Ωi. The 

elements in ζit are uncorrelated and so as the elements in κis. The following assumptions are 

imposed:

Assumption A1. Let u = miniui and v = minivi . p ≪ u and q ≪ v are fixed.

Assumption A2. There exist constants C1 independent of u and C2 independent of v, 

such that for ∀j = 1, …, p, E κi1j
4 ≤ C1, and for ∀k = 1, …, q, E ζi1k

4 ≤ C2, for ∀i = 1, …, n.

Assumption A3 Σi’s share the same set of eigenvectors, i.e., Πi = Π, for i = 1, …, n; 

and Δi’s share the same set of eigenvectors, i.e., Υi = Υ, for i = 1, …, n.

Assumption A4. For ∀i = 1, …, n, there exists (at least) a pair of columns in Πi and Υi, 

indexed by ki and ji), respectively, such that γ = πiki, θ = viji, and Model (1) is satisfied.
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Assumption A1 assumes a low-dimensional scenario for both x and y. Under this 

assumption, the sample covariance matrices are of full rank and are consistent estimators 

of the covariance matrices. Though distributional assumptions are not imposed, Assumption 

A2 regulates the higher-order moments of κ and ζ, which is equivalent to regulating the 

higher-order moments of x and y, respectively. Assumption A3 assumes that Σi’s share 

the same set of eigenvectors and so as Δi’s. In the fMRI data application, this assumption 

assumes that human brain can be divided into subnetworks and this division is the same 

across individuals. This type of assumption is also imposed for brain parcellation and the 

identification of functional modulation (see an example in Power et al., 2011). Assumption 

A4 assumes the loglinear model to be correctly specified. With Assumptions A1–A4 

satisfied, one can consider setting the eigenvectors of Sy and Sx as the initial value of γ
and θ, respectively, in Algorithm 1. The following proposition suggests the consistency of 

the proposed estimator under such initialization. To achieve consistency, it is required that 

the number of subjects n , as well as the number of observations in x (denoted as u) and y
(denoted as v) from each subject, increase. In fMRI experiments, longer scans increase the 

value of u and v.

Proposition 1: Assume Assumptions A1–A4 hold. As n, u, v ∞, the proposed estimator of 
γ, θ, α, β  is consistent.

2.4 Higher-order components and choosing the number of components

Section 2.1 introduces an algorithm to identify the first component. This section introduces 

an approach to identify higher-order components. Here, the projections are assumed to 

be one-to-one, that is, 1 linear projection on y corresponds to 1 linear projection on x. 

Assume Γ̂ k − 1 = γ̂1, …, γ̂ k − 1 ∈ ℝq × k − 1  and Θ̂ k − 1 = θ̂1, …, θ̂ k − 1 ∈ ℝp × k − 1  are the 

first k − 1  identified component pairs, for k = 2, …, min p, q . It is proposed to remove these 

identified components from the data to identify the next pair. For i = 1, …, n, let

Yi
k = Yi − YiΓ

k − 1 Γ k − 1 ⊤ and Xi
k

= Xi − XiΘ
k − 1 Θ k − 1 ⊤ ,

(7)

where Yi = yi1, …, yivi
⊤ ∈ ℝvi × q and Xi = xi1, …, xiui

⊤ ∈ ℝui × p denote the original data. 

Consider Ŷi
k , X̂i

k , wi  as the new data and apply Algorithm 1 to identify the kth component. 

It should be noted that by removing the identified components using (7), the effect from the 

covariates associated with these components is removed simultaneously.

To choose the number of components, Zhao et al. (2021b) introduced a criterion named 

average deviation from diagonality (DfD). It was introduced based on the nature that there 

exists a simultaneous diagonalization of the covariance matrices. Extending to the CoCReg 

introduced in this manuscript, the following metric is considered. Let Γ̂ k ∈ ℝq × k and 

Θ̂ k ∈ ℝp × k be the estimated first k components, define
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DfD k = max DfD Γ k , DfD Θ k ,

(8)

where

DfD Γ k = ∏
i = 1

n
v Γ k ⊤ ΣiΓ

k vi/∑i vi
, and DfD Θ k

= ∏
i = 1

n
v Θ k ⊤ ΔiΘ

k ui/∑i ui
.

(9)

For a square matrix A, ν A = det diag A /det A , where diag A  is a diagonal matrix with 

the same diagonal elements as in A and det A  is the determinant. ν A ≥ 1 and the equality 

holds if and only if A is a diagonal matrix. Considering a threshold ϱ, for example, ϱ = 2 as 

recommended in Zhao et al. (2021b), the number of components is chosen as

k = max k : DfD k ≤ ϱ .

(10)

3 THE LIFESPAN HUMAN CONNECTOME PROJECT AGING STUDY

We apply the proposed approach to the Lifespan HCP Aging Study. The goal is to utilize 

the technological advances developed by the HCP study of healthy young adults to explore 

typical aging trajectory and how connectome changes in the brain among mature and 

older adults. In this study, it is considered to use resting-state FC to predict FC during 

a FACENAME task, a paired-associates memory task adapted from Zeineh et al. (2003). 

During the task-based scanning, participants were instructed to encode the names of 

different face identities in some blocks and mentally recall them in other blocks. The task 

was designed as a localizer for encoding and retrieval related neural processes. A total 

of n = 551 subjects aged between 36 and 90 (245 Male and 306 Female) having both the 

resting-state and task-based fMRI available without any quality control issue are included. 

The fMRI data were minimally preprocessed (Glasser et al., 2013). Signals are extracted 

from p = q = 75 brain regions, including 60 cortical and 15 subcortical regions grouped into 

10 functional modules, using the Harvard-Oxford Atlas in FSL (Smith et al., 2004). Both 

resting-state and task-based signals are motion corrected. In the resting-state data xis , there 

are ui = u = 478 observations of each subject and in the task-based data yit , the number 

is vi = v = 335. Other covariates include gender at birth and age wi  with r = 3 including 

the intercept. The validity of model assumptions is examined in Supplementary Materials 

Section C.1.

Using the DfD criterion, the proposed approach identifies 3 orthogonal components, denoted 

as C1, C2, and C3. Table 1 presents the estimated model coefficients and 95% bootstrap 
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confidence intervals from 500 samples. In all 3 components, FC within the identified 

task-based network is significantly associated with FC within the identified resting-state 

network, positive in C1 and C2 and negative in C3. To better interpret the components, 

γ and θ are sparsified following an ad hoc procedure using a fused lasso regression 

(Tibshirani et al., 2005), where local smoothness and constancy are imposed within each 

brain functional module (Grosenick et al., 2013). Figure C.1 in Supplementary Materials 

Section C.3 presents the sparsified loading profile colored by functional modules and Figure 

1 presents the nonzero loaded regions in a brain map and the river plot of the loading 

configuration by modules.

The resting-state network of C1 is primarily the default mode network (DMN), which is 

best known for being active during wakeful rest and consistently captured in rs-fMRI studies 

(Shen, 2015). The related task-state network is primarily cortical areas of the brain and the 

cerebellum with similar positive loading values suggesting a global signal pattern during the 

task. Emerging evidence suggests that there is a potential extrinsic mode network (EMN) 

during task that can be predicted by DMN at the resting state (Hugdahl et al., 2015). 

Our finding confirms this with the identified task-state network signatures contributing 

to the establishment of EMN. The 2 networks in C2 yields a high similarity of 0.663 

and the module configuration is consistent in the DMN, fronto-parietal network, limbic 

system, and visual network. This high similarity between the 2 networks is in line with 

the emerging theory of functional connectome fingerprinting (Finn et al., 2015). Leading 

consistent areas include the anterior cingulate cortex (ACC), the rostral middle frontal 

cortex, the medial orbitofrontal cortex, the temporal pole, and the ventromedial prefrontal 

cortex with a positive loading and the inferior parietal lobule, the lateral occipital cortex, 

the cuneus, the lingual gyrus, and the fusiform gyrus with a negative loading. Regions in 

the prefrontal cortex and frontoparietal network are well known to be involved in working 

memory functions (Barch et al., 2013; Funahashi, 2006). Hypothetically, FC between these 

regions is modulated by working memory loads during tasks and potentially a third brain 

region at rest. A recent study found that the ACC showed different modulatory interactions 

with regions in the network both in the resting-state and working memory tasks (Di et al., 

2020). The cuneus, the lingual gyrus, and the fusiform gyrus (also known as the lateral 

occipitotemporal gyrus) are in the visual network involved in visual processing, visual 

memory, and face recognition. Coactivation in these regions has been observed in the 

processing of visual information and working memory tasks (Bogousslavsky et al., 1987; 

McCarthy et al., 1999; Palejwala et al., 2021; Sellal, 2022). C3 is a component with a low 

similarity between the 2 networks (similarity = −0.095). The rs-network consists of the 

DMN, including the middle temporal gyrus, and the superior frontal gyrus (Left), and the 

caudal middle frontal gyrus, and subcortical regions, including the parahippocampal (Left) 

and the caudate. The tb-network mainly consists of the visual network, the somato-motor 

network, the frontal-parietal network, and the limbic system. Regions include the lateral 

occipital cortex, the fusiform, the precentral and postcentral gyrus, the superior temporal 

gyrus, the posterior insula, the temporal gyrus and pole, the inferior temporal gyrus, the 

medial orbitofrontal cortex, and the rostral middle frontal cortex. Primarily consisting of the 

visual and motor networks, the tb-network of C3 is a sensory binding and motor control 

component potentially activated to the distraction period between task blocks (Dörfel et al., 
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2014; Li et al., 2021). In summary, the proposed approach identifies 3 orthogonal associated 

resting-state and task-state brain networks, one related to global signaling (C1), one related 

to the working memory task (C2), and one unrelated to the task (C3).

4 DISCUSSION

In this study, a CoCReg model is introduced. It is assumed that there exists a pair of linear 

projections on the outcome covariance matrices and the predictor covariance matrices, such 

that in the projection spaces, a log-linear model is satisfied to associate the variances. An 

OLSs type of estimator is introduced for simultaneous projection identification and model 

coefficient estimation. Under regularity conditions, the proposed estimator is asymptotically 

consistent. Simulation studies demonstrate the superior performance of the proposed 

approach over a modified existing method. Applying to data collected in the HCP Aging 

study, the proposed approach identifies 3 pairs of networks, where FC within the resting-

state network can predict FC within the corresponding task-state network. The 3 networks 

correspond to a global signal network, a task-related network, and a task-unrelated network. 

The findings are consistent with existing knowledge about brain function and activation at 

rest and during a memory task.

The asymptotic consistency of the proposed estimator is achieved under the assumption of 

complete common diagonalization for the outcome covariance matrices and the predictor 

covariance matrices. In Zhao et al. (2021b), a complete common diagonalization was also 

assumed. Via simulation studies, it is demonstrated that this assumption can be relaxed 

to partial common diagonalization. In Section B of Supplementary Materials, a partial 

common diagonalization scenario is also considered and the numerical result suggests 

that the proposed approach is robust to this relaxation. Thus, a theoretical study of 

the asymptotic consistency under this relaxation is one future direction. The proposed 

framework considers the low-dimensional scenario, where the dimensions of the outcome 

covariance matrix and the predictor covariance matrix are both lower than the number 

of observations acquired from the subject. Asymptotic properties are investigated under 

this scenario. One extension is to consider the case of high-dimensional data. In Zhao 

et al. (2021a), a shrinkage estimator of the outcome covariance matrices was introduced, 

where the shrinkage parameters were assumed to be shared across subjects to yield optimal 

performance. Shrinkage estimators of the outcome covariance matrices and the predictor 

covariance matrices can be then considered analogously and we leave it as our future 

research. For covariance matrices in a high dimension, one may consider imposing sparsity 

on the projection vectors, which serves better interpretation. The current study considers an 

ad hoc procedure of sparsifying the projection vectors following the strategy of sparse PCA 

(Zou et al., 2006). Another future direction is to directly impose sparsity in the estimation 

procedure. A bootstrap procedure is introduced for inference on the model coefficients, 

not on the linear projections. As for each bootstrap sample, the identified projections 

and the order of identifying these projections may differ, performing inference on these 

projection vectors requires a matching procedure. The inference will then highly depend 

on the performance of matching and the metric used for matching. Thus, a more thorough 

theoretical and numerical investigation is necessary. As this is beyond the scope of the 

current manuscript, it will be studied in the future.
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One objective of fitting a regression model is to make prediction. For a new subject with 

acquired rs-fMRI data, the proposed approach provides a low-rank representation of the 

task-state connectivity matrix. This low-rank representation consists of latent components 

that are related to resting-state brain connectivity and covariates considered in the model. A 

prediction of the full-rank task-state connectivity matrix or even tb-fMRI signals is beyond 

the capability of the current framework.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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FIGURE 1. 
Regions with a nonzero loading in a brain map and the river plot of module configuration of 

the 3 identified components (C1, C2, and C3), using the proposed CoCReg approach in the 

HCP Aging study. tb, results of task-based fMRI; rs, results of resting-state fMRI.
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